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ERGRSTH O R 0 FIAEEE Diff (C P?),

The group of real-analytic diffeomorphisms of the complex
projective plane

o
Takashi T'suboi

BIE

FERRNTHIPA Z R R D FFRIT I 2 [FIFEEE I C°° Mo FEBEORE R RETH D, £
DIEEFARDEAE K 7 OFHE O M FIHEE & FRR e 2EE (77—~ LD EH) TdH
22N TREIND, TDZ L FHIEE TR HEERZ & OFEBITHZ Rk 2
FEERZRD 2 0T 3 RITD BRI LT LA, D bR TV, AT IO
FIA DTN B R FRER L THA L7205, 4 ROTEMITINZ A U CHEBRENE
FHEFE CP? oW T EMHTIM S FHEE O HEEG 0EE R S O DIffY (CP?),
DERHTH 5 L B EL TR,

ABSTRACT: We show that the identity component Diff“ (CP?)o of the group of
real-analytic diffeomorphisms of the projective plane CP? is a perfect group.

1 SREREYH D EMERE C AR

Wy ATREZ R I ITH 2 FE5R 3 5 (iAHZEMC. JRFTNCEEES G 2 o, BITOTE 25%
52Tz, ZRAEOWMDFEME (GA5) (SMBREIH S FTREZR S HGTC GG b Mo AT RE & 72
5bDTH 5, ZhkiA M OEHCHMIFRMEOREIEHZR L. Mo FEHER L mEh, Diff(M)
&E»ND, Diff (M) MO FTREZRRE D IR D — RO FMEZ IR 28 TH %,

Diff (M) X Z kol oE/R e LTofitix d b, C fiHIZOWTRMAMETD %,
Diff (M) OIEFEEROEEK T IZEETH D, Diff(M)y e FEr N5, FEEMEOMBL D
WFFEDHT Thurston (& 1974 FITHIIRE N7 TREZDBRTNWS GEZ [1] 281D 3),

EI 1.1 (Thurston [5]) Diff (M), XHMRETH %,
AR 1.2 HMBHE. EHEORE LCTHES L BB LR R0DOTH 5,

AR T D DIXEMRZHRE M O EMBFM o FHEE DIfY (M), £ DEFEEBKDT
Diff*(M)o T® %, Herman i n XIL b —F XA T iIZDWT 1974 F DXL TREZRL T
Wd,

FIE 1.3 (Herman [2]) Diff”(T™)o I3HAMEETH 5,

Herman ZPAZHRME M 120 LT Diff(M)o (ZHEMEETH 5 Z e 2 TR LD, RIEIRT

VRS KRR T A v &2 — 8 ) BUBE R T B0 T RHRHE B0
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»%, Thurston OEH 1.1 OFEHIK, Diff(M)y DEEHTH S I ZRL T, ZhEHANVT
Diff (M) DHEAMBETH 5 Z L 2R LTV, FERBOFEHEERICOWTIE, E€# 1.1 DR
CRICHETIE, TRFTHLI eI LHMEFTHL 28 ZIFTERY,

AE 14 B 2T abOKIT LXK, [a,b] =aba bt D2 THD, KFTORICEL Z
EDTEZILOBIRIIIERDBEZ R L, TR N2, FI2XTRICH - TIE 5N
LHEOHIE. o7 —~out (A#L) TH 2, FHE. HESGIZHITHE -T2 &, 7%
PHTHL e vbh s, WEFMEIIZESHTH S GERFTIERR W BRI TR BT
TR TIPBRD 7 —~UEETH BH, 7 — VB HHIEE L 72 2 D BRNIE oA RKE R O
LERITHB),

Herman O PR XD $55< . Diff*(M) D RHTH L 2 THL, ThERT I tE
2720 MATOHFLTRERIT WS, U(1) IFHHE 1 OEBBORTRIERTH S

Ul)={z€C ||z =1} ={*V"cC | tecR}.
U(1) 2 PHEICIZEEE Y UTHERT %,

EE 15 (6) M"PEBUQ) FFHEZERHFEH UQ) FHZHFET 5. £2EXT
n=23TM"HBUQ) EREHEET 2% 513 Diff(M") 35EeBTH 2,
HGoOMANDIEHEIE. BB Gx M > (g,2) —> g-x € M T,

g1-(92-2) = (9192) = (g1, 92 € G), 1.2z =2z (1 FHENIT)

ZhilzTHDTH 5, HEHVPBHTD 2 &id. BTN OHOITTOERIZEE R % b 727
WZreTHb, mareMITHL, z DEER (isotropy subgroup)l, 3

I, ={9€G|g-z=ua}

TEHIND, BHERALEBTH S LIk, BER L 2 {1} $2E G Ie—8FT 52203,
Fibb. BHEROEEELNTIE. B 220 TH 5, BHREEHER L3 n—1
RO E SRR NP1 12t L, N1 x U(1) O ON"! x U(1) % (& € ON"~
SHL {o} x U(1) % 1 SUCA—HLT) ON L Icfi—H L T8 5h 5 SRk

M™=N""1xU@1)/(ON" ' x U(1) ~ ON™ 1)

FOBEARB U EHTH %, METHEXTOWI2MEERZUQ) FHOZ 2 TH 5,
FL (6] Tl —M D U(1) fERZ D OZHE M TR L, RERLTWVWS,

i’ 1.6 ([6, Proposition 9.1]) M™ 2 U(1) fEHZ#FAE T 27 513, Diff*(M"™)y DIEED
TeiE. & U) $E LCEEETH 2 X5 BITICTHKRER TR TH %,

AE 17 RBTHICX BT — L FEENZ D TH 505, HO 1 X kEn Y —i
LHMEEINDG, ZITCRBTHEEL LTARITHE 2 RERTATHE VI,
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S (6] BT, B 15 3 1.6 RHWTREATN S, & U(1) Bt FCHEET
2 X 5 7 ERRNHIMO R R R TRICE C 2 L TREE 1.5 R EN 5, SHKORITA 2, 3
DA, U(L) (EROREDTRRNAERTH D . EIHAE SN, KIEH 4 DL Ik 2 L
FRTIE U 1) SUE ORI MET UL RS 2 2 L 2 ORED FTIRA L = & AEFFT
ETVRY, AT 4 K2k Lo U(1) 16 0 BUEI A 2 MRS FE CP? Lo
EEHH IR PGL(3: C) (EFIO#S U(1) fEM % FIWT. Diff*(CP?), BT H
3L BRT,

FIE 1.8 Diff“(CP?) 135828 (perfect group) TH %,
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2 4XTEBRELED U(1) 1EA

ZRA M Lo UQ) fEHICOWT, M LoV —<rita® U(l) fERHICOWTFEET 3
Zrickh, U ERIRY =< Y EEZROEREL TEWV, ZRIEDR 2 € M OEER
L={ucUQ)|u-z=a}d& UQ) OMHESETHY ., ARKEFELZUQD) b5,
ERE L 12, D U(L) Bl

Ul)-z={u-z|ueU(1)}

Dz BT BERT PAVEBIHBIER T 2, 2T I, 25 EREANOMERRI TR X
%, DIt M OXIT% 4 £ 5%, 4 X2 HE L0 UL) 1EADELIRIX. Fintushel ([3], [4]) I
IhiEoshTns

EERE L, HERKE# {u e UQ) |uf =1} 2 Z/kZ (k22) D &, 2 OWE U(1) -«
. ZEHE LIS, ZEPEDOERY MLFICH L, 3 RELZEE O3) Mk DT
hFEL. ZEREDEHEZ. R* xUQ) © Z/kZ 1EH

2V =k Ly w) = (K™, e%mﬁ/kw) (me Z/kZ)

Tk BREIOZEM (R xU1))/(Z/kZ) D% E#E ({0} x U(1))/(Z/kZ) DiEfEe U(1) fEH
%A TEMHTHNCHM DR TH %,
hekbiE2 O3) DM E > 2 DItiE C x R DMEETRDES>2DDTH 5,

62W€\/jl/k 0
° k., 0)=1),
0 1) ((k,6) =1)
62#6\/—71/k 0
. ) (k IR, (k,0) = 1),
0 —1
647T£\/jl/k 0
. ; 1) (k SHHD 25, (k) =1).

BYIDEEE C HMOEEETH D, kK BEILEIZX R ﬁﬁ&q_tﬁofh\f\ MERTAYIC 1 mﬁk L))
BEHMZEDIUL 2 RITDERDZRRIRE KT, D OGS, MKIICHIETH 2 & 5 i 3 EH
HEDS R ANCHEL - TW T, BEEIINIC 1 2T, %Eﬁm%: ZHUL 2 ITDE DS %
B3,

+1 0 0
he7bf32 0B3)dfi20mTid. | 0 +1 0 | DIBEOIFEWARITHITHD., O
0 0 =1

DELEDIINL LT WA P, MMINC 1 RITE 7213 2 RITOEZ K LTV 3
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BSERE [, — U(1) O L %, 4 KELEE O4) © U(1) & AR EES, 0k
BEHBHIIECICERER p, g (p,q) =1 £EL) WhHL. U1) ® C? ~DIER

U(1) x C? 3 (u, z,w) — (uPz,ulw) € C*

YIRS B, BEEMOEFE. C° DEFEMOEFHY Ul) 1 %A TEBTIICH D FHE
Thb, 0L E, Cx {0} LoRoBEEHI{ueU) | v =1} =2 Z/pZ T, C x {0}
FOROMEE p EPETH D, {0} x C LOROBEERE {uec U(1) |uw =1} = Z/qZ
T, {0} x C LOFRO#EL ¢ EHETH 2, ZOBEEROED O#EIX, EEREPLE
T B (3XID) KA LTI (p,q) P—F AT HEZR-oTW3, (p,q) = (+1,0) DHFEIZ
i, {0} x C LOREERTH D, (p,q) = (0,£1) DEFAEIIE, C x {0} LD RIEEE R
TH5,

4 RTZREAE L M* o UQ) fERICR LTI, M ED XS RIETEE % k BEZEHPED K,
BERDBECEDAN T T4 74— a YHBREL TV S,

ANSFAT A 2y DT RERT B0z b, U(1) ERORZEMT 5 5 BiEsem
MU 2EZ 3L ko,

2R M U(1) 15T HHBLES ORI 3 JOTSREE Y 2 0. M*U(1) 13202
7 MEDEIRE L TW3, MY/U(1) 12id M* EO#ER OB IS 3 2 B ER X
. SEREOM. EEA0EE. BE LTRDBI N5,

HEWT 12 02 ¥ 72 3 EERER > S BHE O HE OB, (I 1 Kt0 S EHED
@%%W%t?éﬁﬁ%@m%bmm@(ﬁ%%%ih@@ﬁ@%b@ﬁﬁ%?@ﬁﬁ@ﬁ
(cone bundle) DI 5. M0SEHE OGS EEOMOREY 25, 7751, B

-1 0 0
BEOMEA 2 TEANM [ 0 -1 0 | OHEEOBRIIINL R TEFIFESH FH RP? O
0 0 -1
* (+1,41)
(£1,9)
multiplicity ¢
(p,q)
multiplicity p multiplicity q

B1 |pgl 21Dt ZED (p,q) WEE R DG DL EYIEDG
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-1 0 0
DFIRTHD, FEHMR | 0 1 0| oHEDBIE 2 KotT MA/U1) DEFRERL TWS,
0 0 1

[EE s OBEZER M1 /U (1) 2B 23EF T UQ) FEAD (2, w) — (uPz,ulw) ((p,q) =
1) Tlpgl 21 0r &, M*Y/U(1) DIMILET, p BEHEDOE DI, ¢ EHLE D DIND U
Lo TWd, p,g? +1 O ZEHHPLEDBROIERIERE 25, Z OEE S D #E 22
MA/U1) 2B B EHRTEEORE D ofis 2 v 2T 0 2 Mok % o 2 KT (F—
E7x—F) OOIIRTH %, K1 ?}ﬁﬁf (p, q§1= (£1,0) 721X (p,q) = (0,£1) D ¥
=, BEESIE MU oFERERLTNS,
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3 \ERFETFERCP? LOU(1) 15H

WEHTH CP? 1. 3 XTEERY L2 C° DEE 1 KoTHn B0z 5 2MTdH
b, C3\ {0} Lo C* =C\ {0} D2 A5 — 5 L 2 FHOHEDERTH 3 ¢

CP? = (C*\ {0})/C™.

(z,y,2) € C*\ {0} DRIEEDEEGHFH CP? Losiid, FRERE [z y: 2] TERE
ns,

C?\ {0} 17lF. 3 KEHZ—RIFUEE GL(3;C) MEH L TWa 2, Z OIfERIESEKE C
DREREC* DA T —EOEREATH 2505, GL(3;C) & CP?2 iS5, 727
L. 257 =53 CP2 CHH/ER T 226, ShRINCIER T 2 D138 B —BRRARE
PGL(3;C) = GL(3;C)/C* TH 3,

GL(3;C) ® U(1) 2 [ABIZH BN, B 2MAH D7 —~ABICEEN 5D, GL(3;C) D
WRER 7 7 —~OVERE. WATHR SO X C* x C* x C* KK TH 2, U(1) 1FHxt
il 1 XA ERORATHORTHAH 2 UQ) x U(1) x U(1) 2 T3 Ot e % T
»5, ftoT. PGL(3;C) ® U(1) L MR ER DB, REDRE

(U)xUQ) xUQ)/U1)=T?*=U(1) x U(1)

D THE R 25, ZOXSREATEE. UQ) xU(l) ozheholnz pEle g [
((p,q) = 1) $HLZMEDIFICH %,

D EoEE,» S, @I FHE CP?2 A PGL(3;C) fERHOEZER 7% U(1) fERIZ.
(p,q) =172 2%H p, ¢ ITHL,

UL xCP*> (u,[z:y:2)—u-[z:y:2] = [uPz:uly: 2] € CP?

[0:1:0]

[x:y: 2] — [uPx :uly: 2]

multiplicit

| multiplicity
q

lp —q|

multiplicity [pN\[1: 0 : 0]

[0:0:1]

2 CP? ko PGL(3;C) fFHOEMER £ 725 U(1) fEH OERIX
FEATH & IR EERIERRD EMR TN TV 2
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X3 CP'U{lpt} ZEER LT3 U(1) fEFH o#EZERH

THEZboN%, K22, pg#0,1 DL XEERESIIIREETHD, pg=0,1 DL X[
ERESE 1 A HHERONES RS, ThZNDOGEE L DFHELIARZEUTD LS
1275 %,

EEREED 1 K ESPEROMES (pg=0,1) OHE !

o FEFEOMDIRZ, U(l) DmoEREEITE D, fEHIIX

u-lx:y:zl=lur:uy:z]=r:y:uz]

WHETH B,

o DY EEESESRZ{[0:0:1]}u{[r:y:0]}=2{1lptjuCP vk 3,

.E%%ﬁﬁﬁ#ﬁ@ﬁ%ﬁt&é3mﬁﬁﬁifUU)Mﬁu2mﬁ%ﬁféé1%%
HER {[z:y: 0]} LOKY T+ 77 ANR=—HDT 74 N=ThHDH, CP>%kv 7 -
77 AN=—HK S — CP OB Ry 7 - 77 A N—HLEOHEID HbEL A
T, BRAR UQ) (EFZEALE DD L ARE S,

o PADZERM (BuEZEM) 1 3 KITDEkK D3 THLODEES {[0:0: 1]} DETH D, 5
S {lz:y: 0]} DBETHB, M3ZMHK,

o WEZEMAOPER DOFEREZ ROBMBIE. EIERICBW T TREIC R S, HlE%E
AN DFEFHTI G S CP? — D? = {(a,b) € C x R | |of> +b? < 1} &, HIZIZRT

Gzoh s, .

|2 + [y[? + [22]

[x:y:z] —= (227, |2|* — [y*)
ZHUE 2% 1 ODERTH B,
BEEREED 3R (pg#£0, 1, (p,q) =1) DHBE

o U(1) fEH

u-lxy:z)=wWlr:uly: 2]
DEERIE. [0:0:1],[0:1:0],[1:0:0] D3KTH 3,

— 18 —



BT T O FRATIM S FARE DIt (CP?)y (13)

p| lp—1]

Ip — q

—2 .

4 [BEERD 3 Rk 258 OHiEZ M

e [0:0:1] DRPTERE (x,y)

[0:1:0] DRFTERE (z, 2)

[1:0:0] DRFTERE (z,y)

LHEIND,

o {z=0}={[z:y:0]} 2 CP' FLOEERMNOHIE |p— q| EOWETH D,
{y=0}={[z:0:2]} 2 CP' LOREERLIOBIEIL [p| EOWETH D,
{z=0}={0:y:2]} 2 CP' LOREERLNOYE |q| EOPETD 5,

o PADZEM (WEZER) 3. 3 XITEKMEICFEIMETH 5,

o (p,q) = (£1,F1), (£2,£1) D& =, HUEZERICIZ. 2 HIPUEOK L 2 2l & Z Ok
DEERDE, BIY I LEEEROBI IS, K4 OETORBH,

o (p,q) # (£1,F1), (£2,41) DHFAET (p,q) = (p, £1), (p,p £ 1) D& =, HEZERHIC
. p EHLEOBRE 2250 p+ 1 BEHEOGR L R ZIMPEESROBREILE T 2 DI
Hitivi, MOMEIIEER DB YR 5, K4 0h LOKSBE,

o ZNHLMDGE. HEZEMICEEEROGRE 2% 3 Mz aCMEANZEPEDIGR L 2
. 300X |p| E. |q| E. |p—q BEO#EDHRL %2, K4 DEDKSIE,

[:y:1] T, fEHE u - (z,y) = (vPz, uly),
[x:1:2] C. EHIE u- (2,2) = (WP 92, u"92),
[1:y:2] T fEHEZ v (y,2) = (uI Py, uPz)
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4 FU(1) uELTRIFEETH B & 5 B RETEIM S FHE

M 1.6k b, 1.8 ZRIICIEE U(L) BB L CHEEETH 2 & S 72 E M HIM S R
e ERFTIMD RO KR TRICE T 2 22 2R LV, 2070124 U(1) Bl EcHlix
TH 3 & 5 BEBRNTIMS R % SHE % ROEBHTHIMAFHO IR TEICEL 2 2E X
%, FEE ECEMEOMIFEMEEZEEZ TVWE DT, PUEZEMEZ T X —X 2§ 27 FEHED
BEEZTNDE I LITK 5,

P % J2 PR DAL & & 2, WA L s 5 M2 L Ef e 2A—H3 5, SL2;R)
DEMH EOERAE SN S, FHIAD SL(2; R) DfEIEM SL(2; R) x R — R* 1%

(“ b) ("”") _ (“a’"*by) THBME. B EADERIZ
c d) \y cx + dy

(CCL Z) (;3) ~ Saz + by)21-|— (cx + dy)? (Z:f i 25)

rEIND, THOWSEEE Z UL, SL(2; R) &, xHA1TH & BIEATHITER I NS, H
FHFETE ZNEIEERE v € U(1) O (u,2) — uz EFErI, AR TIEHELR TV,

0
Az(a >,ZEC¢C5WLL\

0 a !

1 1 1 1
A :A ) — -1 = — — — —
z (r+yi))=ax+a 'y 2(a—|—a)z—|—2(a "
e ze{|z]| =1} NOIEMIE

Az
A z= elz
el =1

YERIND,
[EE KD B 23555 DWIIRIT b 2 ERECFEOFLOH {|2] =r | r € [0, 1]} L, A O3
ST a % r DB LTS £ eiud, BROHEZROEMBITIERIERTE 2, T4

Db,
posii(a ) - AL
EVARVCE]

BV, A(2/]2]) = (A2)/|2] 225

Thd, TZT




BRGSO EFHTHIM) FIAERE Diff” (CP?)o (F¥HF)

THE00, a— 12 2z =22 THHTh TR THDEaz) =221+ azZz+--) D
£ 5 ICRERBCEA TV, 2 — A - 2 ZERRHTIIEACH 3.
M EomEEE SL(2 R) WTERTRICE KD IR T 2 0L D 5. 20 HHEO(TS

2 2
cos26 —sin 26 cos —sinf X -Y
— — IZOWT
sin20  cos 26 sinf  cosf Y X

G ) =[0G DIE D6 D6 0]

LRIND, 2T

X 24%Y 1 1 1 1
(5 0)= (5 50) = (2 ) (" 00 (B
ai—1 V2 V2 B V2 V2
T@D\
1 242y
W+Z—1= ( + = )-1
X2 _ 4&4Y2 a*—1
(@ =1
1 44122 24%Y
_ Vicyeo 1o @DV 20
\/1 (at +1)2Y? (a* —1) a* —1
G
4a*Y?
B 1 (a* —1)2 n 2a%Y
_ —
(a4+1)2y2 (a4+1)2Y2 a
R ? N (/5 oy 7 B T i
\/ (=12 VT ey
Y 1 Y
Th 5, - S e, CORRTREOETICENS SL(2; R) ®
b ot = e a1 B Y CORRTHORRIANS SL(2: R)

A7, 0 =1 &7 5 I BT T H 270121 a—1 2 Y (= sind ~ 0 ok L
Ol FEIDYID, —K—#a—ltﬁéﬁkﬁmfot&hwim

HeoC. 16 CROIS % U(L) B L CHIETH 5 & 5 2RO f o0&
EOEEEAA o — 1 CHAD YN, & U(L) JUBIC SL(2; R) 72132 OWEEAER T S AUz,
F ST RIS BN B, A 15 1, SlFRH-F U(1) AR L. SRR A
B2 (R RIS A O S T RO R ORI E SN - & 5o RS A,
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5 Proof of the perfectness of Diff*(C P?), FFIE 1.8 DA

We show the perfectness of Diff(CP?)q using the natural U(1) actions on CP?. The
U(1) actions should have fixed point set either diffeomorphic to CP'LI{1 pt} or a 3 point
set. The Euler characteristic number of the fixed point set of a U(1) action is the same as
that of the manifold by Smith’s theorem and it is of course verified. Since we would like
to show that the existence of any U(1) action would imply the perfectness of the group
of real analytic diffeomorphisms, we show the perfectness of Diff* (C P?), by using both
types of U(1) actions.

In [6, Proposition 9.1], we showed that any real analytic diffeomorphism isotopic to the
identity is homologous to an orbitwise rotation. Hence to show the perfectness of the
group it is enough to show that any orbitwise rotation can be written as a product of
commutators of real analytic diffeomorphisms. In view of the argument in [6] using the
legimentation lemma [6, Theorem 7.1] and the generalization [6, Theorem 5.3] of Arnold’s
theorem, our assertion that orbitwise rotations can be written as products of commutators
reduces to the case where the orbitwise rotations are flat along certain real-analytic sets.
Hence it is enough to show that orbitwise rotations which are flat along certain real-
analytic sets can be written as products of commutators of orbit preserving real-analytic
diffeomorphisms.

When the orbitwise rotation is flat along certain real-analytic sets, the argument in [6,

Lemma 3.1], [6, Lemma 3.3] and [6, Lemma 3.4] can be summarized as follows:

Proposition 5.1 For a U(1) invariant non-negative real-analytic function P on M, assume
that there is an orbitwise diagonal matrix (hyperbolic) action A on M with the diagonal
component a and a~!, and that P divides a — 1 implies A is real analytic on M. Then
orbitwise rotations close to the identity with angle divisible by P? can be written as
a product of 2 commutators by rotations and diagonal matrices with difference of the
identity divisible by P and thus as a product of 2 commutators by real-analytic orbit

preserving diffeomorphisms.

5.1 U(1) action fixing CP' L {1 pt}

1

We use the U(1) action on CP? given by u- [z :y: 2] = [ux :uy : 2] = [z : y : u=1z]

for w € U(1). The fixed of this action is {z = 0} LU {[0 : 0 : 1]}. In order to make

0
A= (g 1 ) with a being U(1) invariant real-analytic function act on the U(1) orbits,
a

- 929 —
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we need a trivialization for free U(1) orbits in CP? \ ({z =0} LU {[0: 0 : 1]}) which form
a U(1) bundle. The U(1) action on the part CP?\ ({x = 0} U{z = 0}) can be trivialized
as follows:

x

CP2\ ({z=0}U{z=0})2[z:y:1] — (rw,u) = (|x|,%,m) € R x C x U(1).

—) as expected. By

Then x = ru, y = ruw, and we see that [uz : uy : 1] — ((|z], y), Tm|
z’ |x

T
using this trivialisation we make A act on the U(1) factor — and we have

]

A <:1:>_ Alz/lz|]) Az A:C/ Ax
|7 [AG/lz)]  [Ax[ 2] 2 /] @
where vz 1 —— ) . )
T+T x—T
Ax = — = - — — — — )T
z=a— + p— 2(a—|— a):c—l— (a )T

2 a

and on the homogeneous coordinates it is written as

A A A A
A-[x:y:l]:[mi/—x :y—x oL :1}.
x T x T
Since A 1 1 1 1.z 1 1 la+1 1
z 1 i1 1z 1 1 lat+la—-1_,
T —2(a+a)—|—2(a a)x 2(a+a)+2 a T v

as is appeared before, if a — 1 is divisible by |z|?, then the orbitwise action A can be
extended real-analytically to {x = 0}, hence the action of A is real analytic on CP?\ {z =
0},

To find the condition for the action of A to extend to {z = 0}, we write the action in
the coordinates on C'P? \ {x = ()} and on CP? \ {y = 0})

In the coordinates on CP? {m = 0}, the action of A is written as follows:

[1:y;z]:{l:y:1}

zZ Z

=[N e ]
=[S
::w;z\@/@y

Hence if a — 1 is divisible by |z|?, the orbitwise action A can be extended real-analytically
to {z = 0}.
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In the coordinates on CP? \ {y = 0}, the action of A is written as follows:

[aszlzz]:{f:l:l}

z Z

e b R e
[ 2
e Z\A@ / A@] .

Hence if a — 1 is divisible by |z|?|z|?, the orbitwise action A can be extended real-
analytically to {z =0} U {z = 0}.

Summing up these, if @ — 1 is divisible by |x|?|z|?, the orbitwise action A is real-analytic
on the whole C' P?.

20,12
Put P = Liud

(l2? + ly[? + [2]?)?
rotation near the identity whose rotation angle # along the orbit is divisible by P? can be

and put a = 1 4+ P. By Proposition 5.1, an orbitwise

written as a product of 2 commutators of orbit preserving real-analytic diffeomorphisms.
Thus using the U(1) action U(1) action fixing CP! U {1 pt}, we showed that
Diff*(C P?), is a perfect group.

5.2 U(1) actions with 3 fixed points

For coprime integers p and ¢, let us consider the U(1) action u-[z : y : 2] = [uPz : uly : z].
The fixed point set of this action is {[0: 0 : 1],[0 : 1 : 0],[1 : 0 : 0]} and multiple orbits
are contained in {z = 0} U{y = 0} U {z = 0}. The multiplicities of nontrivial orbits in
{z =0}, {y =0} and {z = 0} are |q|, |p| and |p — ¢|, respectively. Since the regular orbits
are locally |q| fold, |p| fold and |p — ¢| fold coverings of the multiple orbits in {x = 0},
{y = 0} and {z = 0}, respectively, if A acts on the multiple orbits nontrivially, then A
acts nearby free orbits as its lift to |g| fold, |p| fold and |p — ¢| fold coverings of the action
on the multiple orbits. Thus if A acts on CP? and nontrivially on the multiple orbits, A
acts on the free orbits as the lift to the k = |pg(p — q)| fold covering of the action on U(1),
where k = |pg(p — q)| is the least common multiple of |q|, |p| and |p — ¢|.

In order to define the action on the k fold covering, we make A act on u* (u € U(1))
and take the k-th root (A - (u*))'/* which is isotopic to the identity by as A tends to the
identity. If the action of A on U(1) has 4 fixed points, then u — (A - (u¥))'/* has 4k
fixed points.

We assume that p > ¢ > 0 for the notational simplicity and k& = pqg(p — q).

On CP?\ ({x = 0} U {z = 0}), take the coordinates [x : y : 1]. Then the U(1) action
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is given by w - [z : y : 1] = [uPx : u?y : 1]. Since the free orbits has multiplicity p in the
direction of z, it is appropriate to make A act on (%)k/ P (é—l)q(p =9 Consider the
map
) yP kP
CP\{z=0}U{z=0})>[z:y:1] — (rhw,u) =(|z|,=, —/——) € Ry x C x U(1).
x4 |mk/p|
0
Then z = ru?/* and y = (wrdu/P=D)1/P = pa/pyl/Pya/k Let A = (g 1/ ) act on the
a
xk/p
U(1) factor u = P2k
yP kP yP xk/p B yP  A(xk/P)
(|, et W) — (|, vt A (W)) = (l=l, vt W) :
Then
ARy NP AR\ ) Ay T
T — |z TA(P)] =T\ % ey
and
U (AN A\ Ay T
vl (o) - () (5

Hence the action of A on [z : y : 1] is given as follows:

[:y:1] —
A(xk/p) p/k A(:Uk/p) —p/k A(xk/p) q/k A(:L‘k/p) —q/k
) ) G (B ]
Here
—A(xk/p) — l(a+l) latl a—=1 o
xk/p 2 a’” 2 a (zx)k/P

is real-analytic on CP?\ {z = 0} if (27)*/? divides a — 1.
On CP?\ {y =0}, in the [x : 1 : 2] coordinates, the action is written as

2 E Bl ZF
Here
A(w/2M7) _ A((@2)/(2)MP) _ A((z)M)
(z/2)k/P 1(xz)1/(zz)ik/p 1 (m)k{p
a+ a— 2k /p
:§(a+5)+§ u (xf)k/l’(zz)k/l’(zx) k/p
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Hence if (27)"/P(2%)*/P divides a—1, then A extends real-analytically on {z = 0}U{z = 0},
that is, A is real-analytic on CP?\ {y = 0}.
On CP?\ {x = 0}, in the coordinates [1 : y : z|, the action of A is written as

A INE AP -2 ()N E AP -2
H_%A(f);s ) <A|f,z ) %<A(f;z ) (A@i;z ) 1]
Ay e A e P
_1*"(A(5§) (A|§|;z ) (A(i)) (Ag'; H
Here,

W EEE @
1 1 lat+1l a-1 o5,
_§(a+5) 2 a (2z)k/p

Hence if (22)%/? divides a — 1, then the action of A extends real-analytically on {z = 0},
that is A is real analytic on CP?\ {z = 0}.

Summing these up, if (2Z)*/?(22)*/? divides a — 1, then A is real-analytic on the whole
CcPr2

T)k/P(yz)k/P =\a(r—a) (»z\2(p—q)
put p— — @PEZ) _ (@@ 9 ()
(2|2 + [y2 + |22k~ (|22 + |y]2 + |2[2)a—9)

tion 5.1, if the rotation angle § along the orbit is divisible by P2, an orbitwise rotation near

and a =1+ P. By Proposi-

the identity can be written as a product of 2 commutators of orbit preserving real-analytic

diffeomorphisms.
Thus using the U(1) action with 3 fixed points, we showed that Diff* (C P?) is a perfect

group.
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